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Problem 4.73

Example 4.4, couched in terms of forces, was a quasi-classical explanation for the Stern–Gerlach
effect. Starting from the Hamiltonian for a neutral, spin-1/2 particle traveling through the
magnetic field given by Equation 4.169,

H =
p2

2m
− γB · S,

use the generalized Ehrenfest theorem (Equation 3.73) to show that

m
d2

dt2
⟨z⟩ = γ α ⟨Sz⟩.

Comment : Equation 4.170 is therefore a correct quantum-mechanical statement, with the
understanding that the quantities refer to expectation values.

Solution

Equation 3.73 is on page 110 and holds for any observable Q.

d

dt
⟨Q⟩ = i

ℏ

〈[
Ĥ, Q̂

]〉
+

〈
∂Q̂

∂t

〉
(3.73)

Recall also the commutator identities shown in Exercise 3.14 on page 108.[
Â+ B̂, Ĉ

]
=

[
Â, Ĉ

]
+
[
B̂, Ĉ

]
[
ÂB̂, Ĉ

]
= Â

[
B̂, Ĉ

]
+
[
Â, Ĉ

]
B̂

Recall also the commutation relations for the components of r and p shown in Exercise 4.1 on
page 132.

[rj , pk] = − [pj , rk] = iℏδjk

[rj , rk] = [pj , pk] = 0

Start by using Equation 3.73 to find the time derivative of the expectation value of z.

d

dt
⟨z⟩ = i

ℏ

〈[
Ĥ, z

]〉
+

= 0︷ ︸︸ ︷〈
∂z

∂t

〉

=
i

ℏ

〈[
p2

2m
− γB · S, z

]〉

=
i

ℏ

〈[
p2

2m
, z

]
− [γB · S, z]

〉
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Bring the constants in front. Note that the magnetic field in Equation 4.169 on page 174 is
B(x, y, z) = −αxx̂+ (B0 + αz)ẑ.

d

dt
⟨z⟩ = i

ℏ

〈
1

2m

[
p2, z

]
− γ [B · S, z]

〉

=
i

2mℏ

〈[
p2, z

]〉
− iγ

ℏ

〈
[B · S, z]

〉

=
i

2mℏ

〈[
p2x + p2y + p2z, z

]〉
− iγ

ℏ

〈
[B · S, z]

〉

=
i

2mℏ

〈
[p2x, z] + [p2y, z] + [p2z, z]

〉
− iγ

ℏ

〈
[B · S, z]

〉

=
i

2mℏ

〈
px[px, z] + [px, z]px + py[py, z] + [py, z]py + pz[pz, z] + [pz, z]pz

〉
− iγ

ℏ

〈
[B · S, z]

〉

=
i

2mℏ

〈
px(0) + (0)px + py(0) + (0)py + pz(−iℏ) + (−iℏ)pz

〉
− iγ

ℏ

〈
[B · S, z]

〉

=
i

2mℏ

〈
−2iℏpz

〉
− iγ

ℏ

〈
[B · S, z]

〉

=
1

m
⟨pz⟩ −

iγ

ℏ
⟨Ψ | [B · S, z] |Ψ⟩

=
1

m
⟨pz⟩ −

iγ

ℏ

�

all space

Ψ†[B · S, z]Ψ dV

=
1

m
⟨pz⟩ −

iγ

ℏ

�

all space

Ψ†[(B · S)z − z(B · S)]Ψ dV

=
1

m
⟨pz⟩ −

iγ

ℏ

�

all space

(Ψ+χ+ +Ψ−χ−)
†[(B · S)z − z(B · S)](Ψ+χ+ +Ψ−χ−) dV

=
1

m
⟨pz⟩ −

iγ

ℏ

�

all space

[
Ψ+

Ψ−

]†

[(B · S)z − z(B · S)]
[
Ψ+

Ψ−

]
dV

=
1

m
⟨pz⟩ −

iγ

ℏ

�

all space

[
Ψ+

Ψ−

]†

{[−αxSx + (B0 + αz)Sz]z − z[−αxSx + (B0 + αz)Sz]}

[
Ψ+

Ψ−

]
dV
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Continue the simplification.

d

dt
⟨z⟩ = 1

m
⟨pz⟩ −

iγ

ℏ

�

all space

[
Ψ+

Ψ−

]†{
ℏ
2

[
B0 + αz −αx

−αx −B0 − αz

]
z − z

ℏ
2

[
B0 + αz −αx

−αx −B0 − αz

]}[
Ψ+

Ψ−

]
dV

=
1

m
⟨pz⟩ −

iγ

2

�

all space

[
Ψ+

Ψ−

]†{[
B0 + αz −αx

−αx −B0 − αz

]
z − z

[
B0 + αz −αx

−αx −B0 − αz

]}[
Ψ+

Ψ−

]
dV

=
1

m
⟨pz⟩ −

iγ

2

�

all space

[
Ψ+

Ψ−

]†{[
B0z + αz2 −αxz

−αxz −B0z − αz2

]
−

[
B0z + αz2 −αxz

−αxz −B0z − αz2

]}[
Ψ+

Ψ−

]
dV

=
1

m
⟨pz⟩ −

iγ

2

�

all space

[
Ψ+

Ψ−

]† [
0 0

0 0

][
Ψ+

Ψ−

]
dV

︸ ︷︷ ︸
= 0

=
1

m
⟨pz⟩

Multiply both sides by m, differentiate both sides with respect to t, and use Equation 3.73 again.

m
d

dt
⟨z⟩ = ⟨pz⟩

d

dt

(
m

d

dt
⟨z⟩

)
=

d

dt
⟨pz⟩

m
d2

dt2
⟨z⟩ = i

ℏ

〈[
Ĥ, pz

]〉
+

= 0︷ ︸︸ ︷〈
∂pz
∂t

〉

=
i

ℏ

〈[
p2

2m
− γB · S, pz

]〉

=
i

ℏ

〈[
p2

2m
, pz

]
− [γB · S, pz]

〉

=
i

ℏ

〈
1

2m

[
p2, pz

]
− γ [B · S, pz]

〉

=
i

ℏ

〈
1

2m

[
p2x + p2y + p2z, pz

]
− γ [B · S, pz]

〉
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Continue the simplification, noting that the magnetic field in Equation 4.169 on page 174 is
B(x, y, z) = −αxx̂+ (B0 + αz)ẑ.

m
d2

dt2
⟨z⟩ = i

ℏ

〈
1

2m

([
p2x, pz

]
+
[
p2y, pz

]
+
[
p2z, pz

])
− γ [B · S, pz]

〉

=
i

ℏ

〈
1

2m
(px [px, pz] + [px, pz] px + py [py, pz] + [py, pz] py + pz [pz, pz] + [pz, pz] pz)− γ [B · S, pz]

〉

=
i

ℏ

〈
1

2m
[px(0) + (0)px + py(0) + (0)py + pz(0) + (0)pz]− γ [B · S, pz]

〉

= − iγ

ℏ
⟨[B · S, pz]⟩

= − iγ

ℏ
⟨Ψ | [B · S, pz] |Ψ⟩

= − iγ

ℏ

�

all space

Ψ†[B · S, pz]Ψ dV

= − iγ

ℏ

�

all space

Ψ†[(B · S)pz − pz(B · S)]Ψ dV

= − iγ

ℏ

�

all space

(Ψ+χ+ +Ψ−χ−)
†[(B · S)pz − pz(B · S)](Ψ+χ+ +Ψ−χ−) dV

= − iγ

ℏ

�

all space

[
Ψ+

Ψ−

]†

[(B · S)pz − pz(B · S)]
[
Ψ+

Ψ−

]
dV

= − iγ

ℏ

�

all space

[
Ψ+

Ψ−

]†

{[−αxSx + (B0 + αz)Sz]pz − pz[−αxSx + (B0 + αz)Sz]}

[
Ψ+

Ψ−

]
dV

= − iγ

ℏ

�

all space

[
Ψ+

Ψ−

]†{
ℏ
2

[
B0 + αz −αx

−αx −B0 − αz

]
pz − pz

ℏ
2

[
B0 + αz −αx

−αx −B0 − αz

]}[
Ψ+

Ψ−

]
dV

= − iγ

2

�

all space

[
Ψ+

Ψ−

]†{[
B0 + αz −αx

−αx −B0 − αz

](
−iℏ

∂

∂z

)
−
(
−iℏ

∂

∂z

)[
B0 + αz −αx

−αx −B0 − αz

]}[
Ψ+

Ψ−

]
dV

=
ℏγ
2

�

all space

[
Ψ+

Ψ−

]†{
−

[
B0 + αz −αx

−αx −B0 − αz

]
∂

∂z
+

∂

∂z

[
B0 + αz −αx

−αx −B0 − αz

]}[
Ψ+

Ψ−

]
dV
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Therefore,

m
d2

dt2
⟨z⟩ = ℏγ

2

�

all space

[
Ψ+

Ψ−

]†{[
−B0 − αz αx

αx B0 + αz

][∂Ψ+

∂z

∂Ψ−
∂z

]
+

∂

∂z

[
B0 + αz −αx

−αx −B0 − αz

][
Ψ+

Ψ−

]}
dV

=
ℏγ
2

�

all space

[
Ψ+

Ψ−

]†

(−B0 − αz)∂Ψ+

∂z + αx∂Ψ−
∂z

αx∂Ψ+

∂z + (B0 + αz)∂Ψ−
∂z

+
∂

∂z

 (B0 + αz)Ψ+ − αxΨ−

−αxΨ+ + (−B0 − αz)Ψ−

 dV

=
ℏγ
2

�

all space

[
Ψ+

Ψ−

]†

(−B0 − αz)∂Ψ+

∂z + αx∂Ψ−
∂z

αx∂Ψ+

∂z + (B0 + αz)∂Ψ−
∂z

+

 (B0 + αz)∂Ψ+

∂z + αΨ+ − αx∂Ψ−
∂z

−αx∂Ψ+

∂z + (−B0 − αz)∂Ψ−
∂z − αΨ−

 dV

=
ℏγ
2

�

all space

[
Ψ+

Ψ−

]† [
αΨ+

−αΨ−

]
dV

=
ℏγα
2

�

all space

[
Ψ+

Ψ−

]† [
Ψ+

−Ψ−

]
dV

=
ℏγα
2

�

all space

[
Ψ+

Ψ−

]† [
1 0

0 −1

][
Ψ+

Ψ−

]
dV

= γα

�

all space

(Ψ+χ+ +Ψ−χ−)
†Sz(Ψ+χ+ +Ψ−χ−) dV

= γα

�

all space

Ψ†SzΨ dV

= γα ⟨Ψ |Sz |Ψ⟩

= γα⟨Sz⟩.
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